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a  b  s  t  r  a  c  t
In dentistry,  clinical  radiographs  (also  called  X-ray  images)  reﬂect  the  intensity  loss  of an  X-ray  when
being  transmitted  through  the  mandibular  objects,  and this  loss  is  quantiﬁed  in terms  of grey values.
While  such  images  are  standardly  used  for  pathology  detection  by the  experienced  dentist,  we here
present  a new  method  for  getting  more  quantitative  information  out of  such  2D  radiographs,  “extend-
ing”  them  into  the  third  dimension.  This  “extension”  requires  consistent  combination  of X-ray  physics
(namely,  X-ray  intensity  loss quantiﬁcation  along  paths  orthogonal  to the  panoramic  clinical  image  and
X-ray  attenuation  averaging  for  composite  materials)  with  anatomically  known  upper  and lower limits  of
vascular  porosities  in  cortical  and  trabecular  bone  compartments.  Correspondingly  computed  ranges  of
overall  organ  thicknesses  are  extremely  narrow,  suggesting  adequate  estimation  of  thickness  character-athematical modeling istics  from  2D  radiographic  panoramas  used  clinically,  while  predicted  cortical  and  trabecular  thickness
ranges  vary  by  ±8.47%  and  ±16.13%,  respectively.  The  proposed  method  also  identiﬁes  variations  between
thicknesses  at  similar  anatomical  locations  left and  right  of the  face’s  symmetry  axis,  and  molar  regions
turn  out  to be  thicker  than  those  close  to incisors.  This  paves  the  way  to more  detailed  diagnostic  activities,
e.g.  in  combination  with  Finite  Element  simulations.
©  2015  The  Authors.  Published  by Elsevier  Ltd.  This  is an  open  access  article  under  the  CC  BY-NC-ND. Introduction
Clinical treatment in dentistry often starts with a 2D radiograph
f the mandible, obtained by a technique based on X-radiation, also
eferred to as X-ray imaging [1]. Such images reﬂect the loss of X-ray
ntensity when transmitting the mandibular objects, and this loss
s quantiﬁed in terms of grey values which are proportional to the
ecadic logarithm of the initial-over-transmitted intensity ratio. By
aked eye, X-ray images allow for detection of major irregularities,
uch as carious tooth decay [2], or severely damaged areas in the
andible; the latter may  occur in certain types of cancer [3]. As a
omplement to this standard use of such images, we  here aim at
etrieving from these 2D images information concerning the third
imension.For this purpose, a new method is developed, based on the
verage rule of X-ray attenuation coefﬁcients [4–6], which states
hat the attenuation coefﬁcient related to a three-dimensional (3D)
∗ Corresponding author. Tel.: +43 1 58801 20265.
E-mail address: stefan.scheiner@tuwien.ac.at (S. Scheiner).
ttp://dx.doi.org/10.1016/j.compmedimag.2015.06.005
895-6111/© 2015 The Authors. Published by Elsevier Ltd. This is an open access article 
/).license  (http://creativecommons.org/licenses/by-nc-nd/4.0/).
voxel in a 3D object is equal to the volume average of the atten-
uation coefﬁcients of the material constituents found within this
voxel. It allows for translation of attenuation coefﬁcients assigned
to milimeter-sized bone voxels, into voxel-speciﬁc vascular porosi-
ties. Integration of attenuation coefﬁcients over the organ thickness
delivers the aforementioned intensity losses – and this allows us
to “back-analyze” from 2D radiographs, based on physiologically
typical vascular porosities, upper and lower bounds for the pixel-
speciﬁc thickness of the organ, as well as of the thicknesses of its
cortical shells and trabecular core. This is described in detail in
the sequel of this paper: after introducing mathematical relations
for attenuation averaging (see Section 2.1), the two  types of bone
found in the human mandible, namely cortical bone with low vas-
cular porosity and trabecular bone with high vascular porosity, are
introduced (see Section 2.2), and the attenuation behavior of X-rays
transmitted through composite materials (here solid bone matrix
with embedded vascular pores) is elaborated (see Section 2.3). The
collected and derived mathematical relations allow for quantiﬁca-
tion of the proportionality between pixel-speciﬁc grey values and
X-ray intensity losses, and this gives access to the thicknesses of the
mandible, be it in the purely cortical compartment at its bottom, or
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.
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n the mixed cortical/trabecular, sandwich-type compartment fur-
her above (see Sections 2.4 and 2.5). The model is then numerically
valuated, demonstrating how 2D images can be extended into
he thickness direction (see Section 3.1). Additionally, the model
s validated through comparing benchmark dimensions of the ana-
ytically created with the corresponding dimensions extracted from
T imaging (see Sections 2.6 and 3.2). After a comprehensive dis-
ussion of the results (see Section 4), the paper is rounded off by
resentation of ﬁnal conclusions and potential directions of future
evelopments (see Section 5).
. Materials and methods
.1. X-ray attenuation averaging along pixel-speciﬁc thicknesses
As materials, we use 2D X-ray images, composed of small
uadratic units called pixels, deﬁning the resolution of the images,
ee Fig. 1(a). Each pixel is characterized by a grey value , measured
n an 8-bit scale from 0 to 255. These pixel-speciﬁc grey values are
roportional to the optical density opt [7,8],
(x) = P × opt(x) = P × log10
(
I0(x)
I(x)
)
, (1)
here x = x2D = xex + yey denotes the position of the considered
ixel in the 2D X-ray image (each pixel is related to just one constant
rey value), and ex and ey are the mutually orthogonal unit vec-
ors in x- and y-direction, respectively, see Fig. 1(a). Furthermore,
n Eq. (1), I0 is the initial radiation intensity of the X-ray (before
ransmitting the object of interest), I is the X-ray radiation inten-
ity after transmission of the mandible, and P is a proportionality
onstant. The pixel-speciﬁc intensity loss of an X-ray transmitting
he mandible along the pixel-speciﬁc object thickness d(x) amounts
o [9–11]
I(x) = I0(x) − I(x) = I0(x)
[
1 − exp
(
−
∫
d(x)
(x, s) ds
)]
, (2)
here  is the X-ray attenuation coefﬁcient, which depends on the
patial location within the scanned object, quantiﬁed by means of
he aforementioned position vector x, as well as by a new coordi-
ate s, directed orthogonal to the x–y plane. Eqs. (1) and (2) imply
hat the grey values (x) are proportional to
∫
d(x)(s, x) ds,
(x) = P ×
∫
d(x)
(x, s) ds . (3)
.2. Layered composition across the mandibular thickness
Across the mandibular thickness, i.e. orthogonal to the plane of
n X-ray image as shown in Fig. 1(a), two types of composition,
eing relevant for two different regions in the image, are distin-
uished [13–15]:
“Purely cortical” regions made up of cortical bone only (labelled
by “cort” in the following): the so-called substantia compacta
constitutes the compact outer layer of bone, also referred to as
cortical bone. In the grey value representation of Fig. 1(a), the
region of purely cortical bone is discernable as light grey-colored
area (high grey values) at the lower boundary of the mandible.
“Mixed cortical/trabecular” regions (labelled “mix” in the fol-
lowing), made up of two cortical layers, adjacent to a central
trabecular core: the spongiosa is a sponge-like assembled system
of slim bone platelets, enclosed by a shell of cortical bone. The
bone platelets are denoted as trabeculae, thus spongious bone is
also referred to as trabecular bone. In Fig. 1(a), the region of mixedaging and Graphics 45 (2015) 36–46 37
cortical/trabecular bone is located above the region of purely cor-
tical bone, and discernable as dark grey-colored area (low grey
values).
Speciﬁcation of Eq. (3) for the purely cortical region reads as
cort(x) = Pcort(x)dcort(x) , (4)
with dcort(x) as the thickness of the purely cortical region, and with
cort(x) as the average attenuation coefﬁcient of cortical bone along
the thickness dcort(x), deﬁned as [16]
cort(x) = 1
dcort(x)
∫
dcort(x)
(x,  s) ds . (5)
Speciﬁcation of Eq. (3) for the mixed cortical/trabecular region
reads as
mix(x) = Pmix(x)dmix(x) , (6)
with dmix(x) as the thickness of the mixed cortical/trabecular region
and with mix(x) as the average attenuation coefﬁcient of mixed
cortical/trabecular bone along thickness dmix(x), with this average
now reading as
mix(x) = 1
dmix(x)
×
[
mixcort,ex(x)d
mix
cort,ex(x) + mixtrab(x)dmixtrab(x)
+mixcort,in(x)dmixcort,in(x)
]
. (7)
Eq. (7) is based on the attenuation averages over the three sublay-
ers making up mixed cortical/trabecular bone, compare Fig. 1(b),
namely the average attenuation coefﬁcient of the exterior (buccal)
cortical layer, mixcort,ex(x), the average attenuation coefﬁcient of the
core trabecular layer, mixtrab(x), and the average attenuation coefﬁ-
cient of the interior (lingual) cortical layer, mixcort,in(x); which are
deﬁned as
mixcort,ex(x) =
1
dmixcort,ex(x)
∫
dmixcort,ex(x)
(x, s) ds , (8)
mixtrab(x) =
1
dmixtrab(x)
∫
dmix
trab
(x)
(x, s) ds , (9)
and
mixcort,in(x) =
1
dmixcort,in(x)
∫
dmix
cort,in
(x)
(x, s) ds , (10)
with dmixcort,ex(x), d
mix
trab(x), and d
mix
cort,in(x) as the thicknesses of the exte-
rior cortical layer, of the core trabecular layer, and of the interior
cortical layer, dmix(x) = dmixcort,ex(x) + dmixtrab(x) + dmixcort,in(x).
2.3. X-ray attenuation in composites
If X-rays are transmitted through a composite material with
constituents having characteristic lengths which are much smaller
than that of the image pixels, the composite attenuation coefﬁcient
 can be expressed in terms of the attenuation coefﬁcients of the
single constituents i, according to [4–6,9]
 =
Nc∑
i
(


)
i
∗i =
Nc∑
i
(


)
i
ifi =
Nc∑
i
ifi , (11)
where i is the mass density of constituent i, (/) is its mass atten-
uation coefﬁcient, ∗
i
is its apparent mass density, fi is its volumefraction; and Nc is the total number of constituents, i = 1, . . .,  Nc.
In other words, Eq. (11) expresses that the composite attenuation
coefﬁcient is the volume average of the constituents’ attenuation
coefﬁcients.
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mass density of ec = 1.92 g/cm , as measured by Schwartz-Dabney
and Dechow [30] for cortical mandibular bone, the aforementionedig. 1. (a) 2D X-ray image of a human mandible, with differentiation between reg
andibular cross section as encountered in plane A-A, this plane appearing as line 
Cortical and trabecular bone are such composite materials, built
p by the constituents “(extravascular) solid bone matrix” (in the
ollowing labelled by sufﬁx “BM”) and “vascular pore space” (in the
ollowing labelled by sufﬁx “H2O”, indicating that the X-ray atten-
ation behavior of the pore ﬂuid is close to that of water). Within a
epresentative volume element of macroscopic bone material, the
olid bone matrix occupies the volume fraction fBM = (1 − ), and
he vascular pore space occupies the volume fraction fH2O = ; 
eing called vascular porosity [5]. Accordingly, application of the
veraging rule given by Eq. (11) to cortical or trabecular bone yields
(x, s) = (x, s)H2O + [1 − (x, s)]BM . (12)
nsertion of Eq. (12) into Eq. (5) results in
cort(x) = cort(x)H2O + [1 − cort(x)]BM , (13)
ith
cort(x) = 1
dcort(x)
∫
dcort(x)
(x, s) ds (14)
s the average cortical porosity found along the organ thickness at
ixel position x, falling into the region of “purely cortical bone”.
Likewise, consideration of Eq. (12) allows us to rewrite the atten-
ation coefﬁcients introduced in Eqs. (8)–(10), namely in the format
mix
cort,ex(x) = mixcort,ex(x)H2O +
[
1 − mixcort,ex(x)
]
BM , (15)
mix
trab(x) = mixtrab(x)H2O +
[
1 − mixtrab(x)
]
BM , (16)
nd
mix
cort,in(x) = mixcort,in(x)H2O +
[
1 − mixcort,in(x)
]
BM . (17)
urthermore, the average porosities of the exterior cortical shell,
mix
cort,ex(x), of the trabecular core, 
mix
trab(x), and of the interior cortical
hell, mixcort,in(x), read as
mix
cort,ex(x) =
1
dmix (x)
∫
mix
(x, s) ds , (18)
cort,ex dcort,ex(x)
mix
trab(x) =
1
dmixtrab(x)
∫
dmix
trab
(x)
(x, s) ds , (19)f purely cortical bone and of mixed cortical/trabecular bone; (b) typical shape of
 after radiograph of Angelopoulos [12].
and
mixcort,in(x) =
1
dmixcort,in(x)
∫
dmix
cort,in
(x)
(x, s) ds , (20)
where dmixcort,ex(x) is the thickness of the exterior cortical shell,
dmixtrab(x) is the thickness of the central trabecular core, and d
mix
cort,in is
the thickness of the interior cortical shell.
The right-hand sides of Eqs. (13) and (15)–(17) each contain the
attenuation coefﬁcients of water, H2O, and of the extravascular
bone matrix, BM. The numerical value of H2O is directly accessi-
ble from the photon cross section database provided by the United
States National Institute of Standards and Technology [17]. Consid-
ering that X-ray imaging occurs at a photon energy of 10 keV, the
attenuation coefﬁcient of water amounts to H2O = 5.33 cm−1. For
quantiﬁcation of BM, we again employ the average rule given by
Eq. (11), but now at the level of the bone matrix (BM), distinguishing
three material constituents: hydroxyapatite, organic matter, and
ﬂuid ﬁlling the nanopores located between the two aforementioned
bone matrix constituents. This results in
BM = H2OfH2O + HAfHA + orgforg , (21)
where the attenuation coefﬁcients HA = 142 cm−1 and
org = 5.71 cm−1 at a photon energy of 10 keV are again retrieved
from the NIST database, with the chemical formulae of hydroxyap-
atite and collagen as input. In Eq. (21), fH2O, fHA, and forg denote the
volume fractions of the nanopores ﬁlled by ﬂuid, hydroxyapatite,
and organic matter within the bone matrix, fulﬁlling standardly
that fH2O + fHA + forg = 1. Interestingly, these volume fractions
depend in a bilinear fashion on each other, and on the extracellular
bone matrix density. A corresponding “universal” composition
rule, valid across numerous different organs, species, and ages, was
evidenced by Vuong and Hellmich [18], based on careful evaluation
of different chemical and weighing protocols realized over a time
span of more than 80 years [19–29]. Considering an extracellular
3composition rules yield the bone matrix constituent volume frac-
tions as fH2O = 0.26, fHA = 0.39, and forg = 0.35. Insertion of these
values into Eq. (21) gives the X-ray attenuation coefﬁcient of the
extracellular mandibular bone matrix as BM = 58.77 cm−1.
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.4. Determination of grey scale proportionality constant P
Combining Eqs. (1)–(21) with additional information on the vas-
ular porosities found in mandibular bone, will allow us to derive
hickness proﬁles from planar images as the one of Fig. 1. More
recisely, we will be able to determine upper and lower bounds of
uch proﬁles, being related to minimum and maximum values of
he cortical and trabecular porosities, mincort, 
max
cort , 
min
trab, and 
max
trab .
n cortical mandibular bone, Kingsmill et al. [31] have shown, by
eans of backscattered electron imaging, that the minimum and
aximum porosities amount to
min
cort = 0.03 and maxcort = 0.11 . (22)
n the other hand, Renders et al. [32] provide, based on micro-
omputer tomographs, minimum and maximum porosities of
rabecular mandibular bone,
min
trab = 0.726 and maxtrab = 0.874 . (23)
Next, we consider the cortical porosity values to be relevant for
 chosen subset of the purely cortical region of a given mandibular
adiograph, as the one shown in Fig. 1. Namely, we will choose the
ixels along a vertical cross section between two  adjacent teeth.
herefore, we adopt the following numbering convention for cross
ections lying all between two adjacent teeth: the cross section
etween the two central incisors is labeled by “0”, and the following
ross sections are labelled by increasing integers, combined with
etters “L” and “R” indicating positions left and right of the “0” posi-
ion, see Fig. 2. All of these cross sections are characterized by total
engths lS, S = 0, R1, L1, R2, L2, . . .,  and the sublength related to the
urely cortical region is denoted as lS,cort. All pixels along cross sec-
ion S can be located through variable xS, S = 0, R1, L1, R2, L2, . . .,
easured from the bottom of the organ upwards, see Fig. 2. The
verage grey values of the purely cortical portion of cross section S
ollows as
S,cort =
1
lS,cort
∫
lS,cort
cort(x) dx . (24)
eeping in mind this convention, we label the landmark cross sec-
ion to be chosen as S = LM for the moment (results concerning
peciﬁc choices will be given in Section 3), and we  assign to it
ptionally the extreme values of the cortical porosity as as space-
nvariant properties, cort(x) = extcort ∈
{
mincort, 
max
cort
}
, compare Eq.
22). Then the average grey value according to Eq. (24) with S = LM
an be expressed by aforementioned porosities, through insertion
f Eq. (4) into Eq. (24), while considering Eq. (13),
LM,cort =
1
lLM,cort
∫
lLM,cort
Pcort(x)dcort(x) dx
= Pextcort
1
lLM,cort
∫
lLM,cort
dcort(x) dx
= PextcortdLM,cort[ ( ) ]
dmix(x) =
LM,cort
[
1 − TFtrab(((et= P extcortH2O + 1 − extcort BM dLM,cort , (25)
here dLM,cort denotes the average thickness of the purely cortical
egion along the chosen landmark cross section. Rearrangement ofaging and Graphics 45 (2015) 36–46 39
Eq. (25) yields the following equation for the “calibration” of the
proportionality constant:
P = LM,cort[
extcortH2O +
(
1 − extcort
)
BM
]
dLM,cort
. (26)
The consequences of choosing different cross sections as landmark
cross sections are discussed in Section 4.1. Furthermore, as long as
dLM,cort is not known from other sources, it remains as a formally
unknown variable in the analysis. Under this condition, all results
on thicknesses derived in the following can be determined up to the
value of dLM,cort; i.e. our method delivers thickness characteristics
along cross sections, normalized with respect to dLM,cort.
2.5. Porosity-based thickness proﬁle determination
Insertion of Eq. (26) into Eq. (4) allows us to derive an equation
for the thickness of purely cortical bone, reading as
dcort(x) = cort(x)
LM,cort
dLM,cort . (27)
The pixel-speciﬁc mandible thickness following from Eq. (27) typ-
ically increases with increasing location variable x, measured from
the bottom of the mandible, as indicated in Fig. 2; see Section 3 for
actual results.
For determination of the compartment thicknesses in mixed
cortical/trabecular bone, we  deﬁne that mixcort,ex(x) ≈ mixcort,in(x) =
mixcort(x) and d
mix
cort,ex(x) ≈ dmixcort,in(x) = dmixcort(x). Then, the thicknesses
of the mixed cortical/trabecular bone compartments follow as
dmixtrab(x) = TFtrab(x)dmix(x) (28)
and
dmixcort(x) =
1
2
[1 − TFtrab(x)]dmix(x) = TFcort(x)dmix(x) , (29)
with the trabecular thickness fraction TFtrab(x) deﬁned as
TFtrab(x) = dmixtrab(x)/dmix(x), and the cortical thickness fraction
TFcort(x) deﬁned as TFcort(x) = dmixcort(x)/dmix(x). Combining Eqs. (6),
(7), and (15)–(17), while considering Eq. (26), mixtrab(x) = exttrab ∈{
mintrab, 
max
trab
}
, as well as Eqs. (28) and (29), allows us to derive an
equation for the total thickness of mixed cortical/trabecular bone,
reading as
mix(x)dLM,cort
 extcort)(BM − H2O))/(extcortH2O + (1 − extcort)BM))
] . (30)
The thicknesses of the individual compartments follow from inser-
tion of dmix(x), according to Eq. (30), into Eqs. (28) and (29).
However, pixel-speciﬁc numerical evaluation of Eq. (30) is not
straightforward, since the trabecular thickness fraction TFtrab is
neither known a priori, nor constant along the location variable x,
compare Fig. 2. Its determination requires additional “topological
rules”, which are implemented while progressing along the pixels
constituting cross sections S, S = L5, L2, R2, R5, with increasing loca-
tion variable xS. These rules read, in increasing hierarchical order
(i.e. the latter potentially overruling the former), as follows:
(i) When progressing along location variable xS, thickness
changes are neither encountered at the interfaces between
the purely cortical region and the mixed cortical/trabecular
regions (this interface is indicated by value xS,int of the location
variable, see Fig. 2), nor within the mixed cortical/trabecular
regions themselves; corresponding evaluation of Eq. (27)
for xS = xS,int, and equating the result to Eq. (30), yields an
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Fig. 2. Magniﬁed detail from Fig. 1(a): labeling convention for mandible cross sections, highlighting four speciﬁc cross sections, L5, L2, R2, and R5, by dash-dotted lines, with
t djacen
t S, and
v ne; fo
(he  adjacent teeth being the ﬁrst left molar (adjacent to L5), the left lateral incisor (a
o  R5); coordinate xS , with S = L5, L2, R2, R5, denotes the position on cross section 
alue  of xS at the interface between purely cortical and mixed cortical/trabecular bo
expression for the trabecular thickness fraction TFtrab,
TFtrab(xS)=
[
1−
mix(xS)dLM,cort
LM,cortdmix(xS)
]
× 
ext
cortH2O+(1−extcort)BM
(exttrab−extcort)(BM−H2O)
.
(31)
(ii) At the bottom of the mixed cortical/trabecular region, the
trabecular core widens, see Fig. 1(b); hence dTFtrab/dx  > 0,
with TFtrab being computed from Eq. (31). Once the
location xS,wide, where the trabecular widening stops,
dTFtrab/dx(xS = xS,wide) ≤ 0, has been reached, Fig. 1(b) strongly
suggests that the trabecular thickness is never smaller than
the sum of the thicknesses of the interior and exterior cortical
shells; hence
∀xS ≥ xS,wide : dmixtrab ≥ dmixcort,ex + dmixcort,in → ˛trab ≥ 0.5 . (32)
Wherever the trabecular thickness fraction computed accord-
ing to Eq. (31) violates Eq. (32), TFtrab is set equal to 0.5, and
Eq. (31) is solved for the trabecular porosity trab(xS),
trab(xS) = extcort +
[
1 − 
mix(xS)dLM,cort
LM,cortdmix(xS)
]
× 
ext
cortH2O + (1 − extcort)BM
0.5(BM − H2O)
,  (33)
which obviously narrows, for speciﬁc locations xS, the range of
potential values for the trabecular porosity, as compared to Eq.
(23). Importantly, Eq. (32) applies only after completion of the
trabecular widening, i.e. for xS ≥ xS,wide, compare the condition
left of the colon in Eq. (32). Thus, the model can account for
situations where, within the widening region, the trabecular
core may  be well thinner than the cortical shells surrounding
it. This becomes also apparent from the case studies presented
in Section 3.1.
iii) If the trabecular porosity computed according to Eq. (33) lies
outside the porosity range reported by Renders et al. [32], given
by Eq. (23), the thickness constance across the mixed cor-
tical/trabecular regions needs to be abandoned. Accordingly,
trab(xS) is set equal to the closest extreme value (typically to
mintrab), and based on TFtrab = 0.5, Eq. (30) gives access to the
sought organ stiffness. The latter, while further increasing xS,
is not allowed to decrease, see item (i).t to L2), the right lateral incisor (adjacent to R2), and the ﬁrst right molar (adjacent
 lS denotes the length of the considered cross section S, whereas xS,int denotes the
r corresponding grey level and thickness proﬁles, see Figs. 5 and 6.
The values of TFtrab according to rules (i)–(iii), in particular
following Eqs. (31) and (32), together with Eqs. (28)–(30), allow
for determination of the cortical and trabecular thicknesses of
the mixed (cortical/trabecular) regions. Furthermore, deriving Eqs.
(27)–(33) as functions of dLM,cort, instead of inserting the numerical
value of dLM,cort, keeps the mathematical framework as general as
possible, valid for X-ray images aquired from different mandibles.
For the sake of clarity, Fig. 3 shows the here introduced X-ray image
analysis modality, eventually allowing for 2D-to-3D extension of
such images, in form of a corresponding ﬂowchart.
2.6. Validation of the 2D-to-3D X-ray image extension
For the purpose of validation of the herein proposed modality of
X-ray image interpretation, we  consider additional patient data. In
particular, both CT data and X-ray images were collected from three
patients each, hereafter called patients P-1, P-2, and P-3. Thus, two
sources for the distributions of cortical and trabecular thickness
across the mandible are available:
(i) Applying the image analysis method presented in this paper to
a speciﬁc cross section, e.g. to the cross section next to the left
lateral incisior, see Fig. 4(c), provides the computed distribution
of cortical and trabcular thicknesses along this cross section.
(ii) The CT data provides the corresponding “real” thicknesses
straightforwardly, through placing appropriate cross sections
by means of suitable image processing software (here, OsiriX
v.5.8.2 was used), see Fig. 4(a) and (b). In more detail, the vox-
els of the used CT data sets were typically oriented along the
superior–inferior anatomical axis, so that cross sections ortho-
gonal to this anatomical axis can be easily chosen. Such a cross
section is labelled “A-A” in Fig. 4(a) and (b), and it allows for
accessing, within the 3D CT data sets, the cross sections indi-
cated in the 2D radiograph of Fig. 2. This is shown exemplarily
by means of cross section L2, see Fig. 4(b)–(d). The latter allows
for identiﬁcation of the mandible thicknesses dmixcort and d
mix
trab, as
well the height of purely cortical bone, hcort.
Since the 2D-to-3D extension method delivers normalized
thicknesses, we  consider for validation the thickness fractions TFcort
and TFcort, compare Eqs. (28) and (29). Furthermore, in order to
simplify the validation procedure, we do not consider the whole
thickness distributions, but only the thicknesses after comple-
tion of trabecular widening, at xS = xS,wide. The agreement between
computed thickness fractions, TFcort and TFcort, and CT-derived
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Selection of cross section(s) of interest
see Figure 2
Quantification of the proportionality constant
see Eqs. (24) – (26)
Computation of the cortical thickness profile(s)
see Eq. (27)
Computation of the trabecular thickness fraction
TFtrab in the pixel after the interface between
purely cortical and mixed cortical/trabecular bone
see Eq. (31)
Computation of the porosity profile in mixed
cortical/trabecular bone following from the
required thickness constancy
see Eq. (33)
Computation of the final thickness profile in
mixed cortical/trabecular bone by considering
the physiological trabecular porosity range
see Eqs. (23) and (30)
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Fig. 4. Exemplary illustration of how the 2D-to-3D X-ray image extension method
is  validated: (a) 3D visualization of the CT data taken from patient P-3, with indi-
cation of cross section A-A, oriented orthogonal to the superior-inferior axis; (b)ig. 3. Flowchart showing the implementation of the proposed method for estima-
ion of mandible thickness characteristics from clinical mandible radiographs.
hickness fractions, denoted as TFCTcort and TF
CT
cort, for a speciﬁc cross
ection stemming from a speciﬁc patient is quantiﬁed through the
elative error E,
cort/trab =
TFcort/trab − TFCTcort/trab
TFCTcort/trab
, (34)
ith index cort/trab indicating that the relative error has to be cal-
ulated for both the cortical and the trabecular thickness fractions.
. Results
.1. Case studies
In the following, we apply the method described in Section 2,
o cross sections at four different anatomical locations [33,34]. As
ndicated in Fig. 2, these cross sections are located directly adjacent
o selected teeth, namely: (i) left of the ﬁrst right distal molar
labeled by “R5”), (ii) right of the right distal lateral incisor (labeled
y “R2”), (iii) left of the left distal lateral incisor (labeled by “L2”),
nd (iv) right of the ﬁrst left distal molar (labeled by “L5”). Corre-
ponding distributions of grey values along these cross sections are
epicted in Fig. 5. It appears that grey value proﬁles along mandible
ross sections are characterized by three distinct segments. The
rst segment relates to purely cortical bone, and is characterized
y an increasing grey value. The second segment relates to mixed
ortical/trabecular bone and features a decreasing grey value,
ue to the formation of the two cortical shells enveloping thecross section A-A, with indication of cross section L2, denoted as L2(P-3,CT); (c) X-
ray image taken from the very same patient, again with indication of cross section
L2, denoted as L2(P-3,2D); (d) deﬁnition of cross section-speciﬁc, CT data-derived
thickness fractions considered for model validation.
trabecular core. Once this formation is completed, at x/l ≈ 0.3, the
third segment shows roughly a constant grey value distribution.
From application of the evaluation scheme given by Eqs. (27)–(33)
to the grey value proﬁles of Fig. 5, it turns out that prescribing max-
imum cortical porosity and minimum trabecular porosity relates
to the lower bounds of resulting bone compartment thicknesses,
whereas prescribing minimum cortical porosity and maximum
trabecular porosity relates to the upper bounds of resulting bone
compartment thicknesses, see Fig. 6 for respective thickness
“corridors”. Fig. 6 shows the computed thicknesses in normalized
fashion, that is divided by dLM,cort. Such, the comparability of the
thicknesses between different locations is improved. As expected,
the thicknesses of all purely cortical regions, given with dark grey
background in Fig. 6, increase with increasing distance from the
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Fig. 5. Proﬁles of optical density-related grey values along the cross sections indi-
cated in Fig. 2: (a) along cross section L5 (lL5 = 41.4mm), (b) along cross section L2
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clL2 = 40.8mm), (c) along cross section R2 (lR2 = 44.4mm), (d) along cross section R5
lR5 = 40.2mm); the dark-shaded region relates to purely cortical bone, whereas the
ight-shaded region relates to mixed cortical/trabecular bone.
ottom of the mandible. At the same time, cross section-speciﬁc
ariances across the aforementioned thicknesses become evident,
he organ being thicker at the molars than at the incisors, compare
ig. 6(a,d) to (b,c), but also being thicker at the right lateral incisor
hen compared to the left lateral incisor, compare Fig. 6(b) to (c).
lso in the mixed cortical/trabecular regions, the incisor-related
ross sections are thinner than the molar-related cross sections,
nd this holds for the overall thickness as well as for the cortical
nd trabecular compartment thicknesses (see curves with light
rey background in Fig. 6). As concerns the variances within the
ncisor-related cross sections, the overall, as well as the cortical
nd trabecular thicknesses close to the left incisor are again larger
han the corresponding thicknesses close to the right incisor;
nd while the cross section close to the left incisor exhibits a
onstant thickness along the mixed cortical/trabecular region,aging and Graphics 45 (2015) 36–46
the right incisor-related cross-section gains thickness from the
bottom of the mandible. Also, it is noteworthy that the porosity
range-induced thickness ranges given in Fig. 6 are very narrow for
the overall thickness (with a maximum deviation of 2.07%), they
are still remarkably narrow for the cortical thicknesses (with a
maximum deviation of 8.47%), while they are somewhat larger for
the trabecular thicknesses (with a maximum deviation of 16.13%);
percentages are quantiﬁed with respect to the average values of
the total thicknesses, plotted as white solid lines in Fig. 6.
3.2. Comparison with CT data
Following the validation procedure as decribed in Section 2.6,
the resulting mean relative error (between thicknesses revealed by
the here proposed analysis modality and CT-derived thicknesses)
across all studied cross sections, computed according to Eq. (34), is
remarkably low, amounting to only 0.0012 ± 0.0755; the respective
mean relative errors relating to cortical and trabecular thicknesses
amount to −0.0060 ± 0.1087 and 0.0083 ± 0.0423, see Table 1 for all
underlying relative errors. When considering the absolute values of
the relative errors, |Ecort/trab|, the mean value is naturally higher (but
still indicates that our analysis method provides adequate results),
amounting to 0.0584 ± 0.0464; the respective mean values relating
to cortical and trabecular thickesses amount to 0.0842 ± 0.0657,
and 0.0326 ± 0.0271.
4. Discussion
4.1. Inter-individual measurement/analysis variance
In the previous section, the 2D-to-3D X-ray image extension
modality was applied to standardly produced mandible radio-
graphs, revealing thickness proﬁles along chosen cross sections.
Furthermore, through comparison of the underlying cortical and
trabecular thickness fractions with the “real” thickness fractions
available from CT data gathered from the very same patients, the
method was  satisfyingly validated, enhancing its credibility. How-
ever, one potential drawback of this method is that it is not fully
automatized, requiring input of the user at the beginning of the
analysis, concerning (i) the deﬁnition of the cross section to be ana-
lyzed, and (ii) delimitation, within each cross section, of regions
of purely cortical bone and of mixed cortical/trabecular bone. In
particular, different individuals may  decide differently, which is
not problematic with regards to the exact location of the cross
section, but which may  lead to different results when it comes
to the distinction between purely cortical bone and mixed corti-
cal/trabecular bone. Since precise deﬁnition of the region of purely
cortical bone is mandatory for gaining reliable results by means of
the proposed method, a more in-depth discussion of the potential
inter-individual variance is instructive.
After choosing speciﬁc cross sections, 2D X-ray images give
direct access, without any ambiguity, to corresponding grey value
proﬁles along these cross sections; Fig. 5(a)–(d) shows the grey
value distributions along cross sections L5, L2, R2, and R5 from
the X-ray image shown in Fig. 1(a), see also Fig. 2 for deﬁnition of
the respective location variables. Deﬁnition of the region of purely
cortical bone, within one cross section, is based on considering
that purely cortical bone is reﬂected by an increasing grey value
found along the investigated cross sectional line – whenever
two consecutive pixels exhibit the same grey values, or if a pixel
exhibits a grey value which is lower than its predecessor, then this
last pixel (or the second of the equally grey pixels, respectively)
does not any more belong to the purely cortical region. Since the
X-ray image provides the grey value distribution pixel-wisely, one
obtains eventually a number of pixels relating to purely cortical
bone, based on a visual inspection of the grey value proﬁles, see
Figs. 5 and 7, the latter showing the magniﬁed region of interest
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Fig. 6. Bounds for cortical thickness (dashed lines bounding green areas), for trabecular th
(solid  lines bounding black areas), plotted as proﬁles talong the cross sections indicated in
R2,  (d) along cross section RD1; all thicknesses are normalized with respect to the average
(For  interpretation of the references to color in this ﬁgure legend, the reader is referred to
pixels constituting cross section R2
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Fig. 7. Identiﬁcation of the region of purely cortical bone in cross section R2 [mag-
niﬁed detail from Fig. 5(c)]: each bar represents a speciﬁc pixel and the height of the
bars corresponds to the respective pixel grey value; as long as a pixel’s grey value is
higher than the grey value of the preceding pixel (dark-shaded bars), purely cortical
bone is inferred – since the grey value of the eleventh pixel is lower than the one of
the  tenth pixel, purely cortical bone spans the ﬁrst ten pixels.ickness (dash-dotted lines bounding blue areas), and overall mandibular thickness
 Fig. 2: (a) along cross section L5, (b) along cross section L2, (c) along cross section
 thickness of the mandible, as encountered close to the right lateral incisor, dLM,cort.
 the web version of this article.)
within cross section R2. Provided that the person who applies our
method follows the aforementioned simple rule for deﬁnition of
the region of purely cortical bone, the results between different
individuals are virtually variance-free – according to Fig. 7, the
number of pixels representing purely cortical bone is clearly ten.
The only selection left to the physician is the choice of the
landmark cross section from which the proportionality factor P is
computed, compare Eq. (26). Once this choice is made, the method
automatically delivers all thicknesses normalized with respect to
the average thickness of the purely cortical region along the chosen
landmark cross section. The question arises how such a choice could
potentially inﬂuence the results of our method: for example, let us
consider cross section L5 of the radiograph depicted in Figs. 1 and 2.
For this cross section, (normalized) thickness distributions com-
puted on the basis of LM = R2 and LM = L2, respectively, are fully
similar, and solely vary by a constant factor of 1.078, which is caused
by different average cortical thicknesses of the two  cross sections
R2 and L2. However, the ratios of dmixcort/d
mix and dmixtrab/d
mix do not
differ at all between the different landmark cross sections, thus the
characteristics of mixed cortical/trabecular regions, as computed
by means of our method, are fully independent of the cross sec-
tion chosen as landmark for the deﬁnition of the proportionality
constant P.
44 S. Scheiner et al. / Computerized Medical Imaging and Graphics 45 (2015) 36–46
Table 1
Results of method validation: the computed thickness fractions TFcort/trab, see Eqs. (28) and (29), are validated against the corresponding CT-derived thickness fractions
TFCTcort/trab, see Fig. 4, at different cross sections (see fourth column) associated to different patients (see ﬁrst column); the agreement is quantiﬁed by means of the relative
error  as deﬁned by Eq. (34).
Patient k 3D CT image 2D radiograph
P-1
TFCTcort TFcort Ecort
L6 0.0833 0.0942 0.1304
R5 0.0769 0.0783 0.0181
R6 0.0750 0.0915 0.2207
TFCTtrab TFtrab Etrab
L6 0.8333 0.8116 −0.0261
R5 0.8462 0.8434 −0.0033
R6 0.8500 0.8169 −0.0389
P-2
TFCTcort TFcort Ecort
L4 0.1471 0.1719 0.1688
L5 0.1111 0.0904 −0.1867
R4 0.1154 0.1016 −0.1198
TFCTtrab TFtrab Etrab
L4 0.7059 0.6563 −0.0703
L5 0.7778 0.8193 0.0534
R4 0.7692 0.7969 0.0359
P-3
TFCTcort TFcort Ecort
0 0.1735 0.1719 −0.0092
L1 0.1410 0.1379 −0.0219
L2 0.2353 0.2062 −0.1237
L3 0.1389 0.1299 −0.0649
L4 0.1176 0.1164 −0.0103
L5 0.2021 0.2098 0.0382
R1 0.1591 0.1733 0.0891
R2 0.2368 0.2342 −0.0113
R3 0.1364 0.1250 −0.0833
R4 0.1250 0.1154 −0.0769
R5 0.2021 0.1904 −0.0582
TFCTtrab TFtrab Etrab
0 0.6531 0.6563 0.0049
L1 0.7179 0.7241 0.0086
L2 0.5294 0.5876 0.1100
L3 0.7222 0.7403 0.0250
L4 0.7647 0.7671 0.0032
L5 0.5957 0.5803 −0.0259
R1 0.6818 0.6535 −0.0416
R2 0.5263 0.5317 0.0102
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c.2. Summary: application in clinical practice, potentials, and
imitations
When applying the 2D-to-3D X-ray image extension method
n clinical practice, the operating clinician ﬁrst has to choose the
ross sections to be studied. Thereby, cross section(s) can be cho-
en at speciﬁc locations, e.g. between the teeth, as has been done
n this paper, or quasi-continuously, i.e. for each column of pixels
onstituting the 2D X-ray image. Speciﬁcation of cross sections is
antamount to extracting from the X-ray image 1D distributions
f grey values of which the X-ray image is composed along the
espective cross sections, see e.g. Fig. 5. At this stage, a manual
ask is required from the clinician. Based on the grey value dis-
ribution, the clinician must discern the region of purely cortical
one. The underlying rule is straightforward. Given the shape of
he region of purely cortical bone, see e.g. Fig. 1(b), it is concluded
hat the purely cortical part at the bottom of a cross section is
haracterized by an increasing grey value (due to the increasing
hickness). In other words, once the grey value distribution reaches
 plateau or decreases, the transition from purely cortical to mixed
ortcial/trabecular bone has already occured; the inter-individualR3 0.7273 0.7500 0.0312
R4 0.7500 0.7692 0.0256
R5 0.5957 0.6193 0.0395
variance regarding the delimitation of purely cortical bone has been
thoroughly discussed in Section 4.1. Furthermore, emphasis must
be laid on excluding pixels representing teeth from the cross sec-
tions, since those would adulterate the analysis results. Then, the
further analysis is completely automatic, according to the ﬂowchart
shown in Fig. 3.
The such obtained thickness distributions along the cross sec-
tions, see Fig. 6, are intended to provide benchmark dimensions
across the mandible. On this basis, experienced clinicians are
able to detect local irregularities “hidden” somewhere across the
mandible, which are probably not recognizable on X-ray images
since they may  be represented by a few pixels only. Importantly,
the method is not able to reveal the exact shape of the mandible,
which has to be kept in mind when interpreting the computed
thickness characteristics, where the cortical portion is not further
differentiated into an interior and an exterior part. Furthermore,
the direct output of the analysis are thickness proﬁles normal-
ized with respect to the average thickness of a region of purely
cortical bone representing a (freely choosable) “calibration cross
section”. Such normalized thickness proﬁles certainly allow to
detect the aforementioned irregularities. If nevertheless the need
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rises to deduce the absolute thicknesses, the average thickness of
he region of purely cortical bone within the calibration cross sec-
ion must be quantiﬁed. This quantiﬁcation is not provided by the
nalysis modality proposed in this paper, but must occur based on
he experience of the operating clinician, or based on additional
easurements.
Notably, the fact that X-rays have to transmit soft tissue (such
s skin and fat) before they reach the mandible, has not been taken
nto account in our model. Consideration of these effects would
equire the grey value of purely cortical bone to fulﬁll an extension
f Eq. (4), namely
cort(x) = Pcort(x)dcort(x) + Psoftdsoft(x) ,
here soft and dsoft are the attenuation coefﬁcient and the thick-
ess of the soft tissue. The attenuation coefﬁcient of soft tissue is
vailable from the NIST-database. Furthermore, a comprehensive
atabase on facial soft tissue thickness measurements has been
rovided by DeGreef et al. [35]. These additional data allow us to
uantify the inﬂuence of the soft tissue on the computed thick-
esses. For this exercise, we consider the bottom of purely cortical
one, at cross section R2, see Fig. 2, and consider a maximum cor-
ical porosity cort = 0.11 – such, we make sure that the considered
nﬂuence of soft tissue on the computed thicknesses relates to a
worst case scenario”. Then, we prescribe the minimum soft tis-
ue thickness provided for this location by the aforementioned
eference, amounting to 6.2 mm,  which yields an increase of the
hickness of purely cortical bone by 1.09%. On the other hand, when
rescribing the maximum soft tissue thickness of 15.0 mm,  the
ecrease of the thickness of purely cortical bone turns out to be
.50%. Both deviations are given with respect to the cortical thick-
ess when neglecting soft tissue. These results clearly show that not
aking into account in our analysis soft tissue explictly is indeed a
ustiﬁed simpliﬁcation. We  can also conclude that the inﬂuence of
oft tissue increases with decreasing mandible thickness and with
ncreasing thickness of soft tissue.
It is an important limitation of our model that it can be applied
nly to X-ray images being of good quality. Reasons for considering
-ray images (or parts thereof) as inappropriate could be a poor
ontrast between regions of purely cortical and mixed/cortical tra-
ecular bone, or movements of the patients during the recording.
urthermore, in order to minimize the effects of possible inter-
ndividual measurement differences high-resolution radiographs
re preferable.
. Conclusions
The method presented in this paper allows for transforming
he spatially heterogeneous attenuation behavior across human
andibular bone acquired by X-ray imaging and quantiﬁed in
erms of the attenuation-indicative grey values, to corresponding
hicknesses of the cortical and trabecular mandibular compart-
ents. These thicknesses are further governed by the vascular
orosities expected in cortical and trabecular bone. The aforemen-
ioned transformation, being the ﬁrst of its kind, is based on the laws
or X-ray intensity loss when traveling through a solid medium, by
he X-ray attenuation averaging rule for composite materials, and
n anatomically reasonable “corridors” of vascular porosities in cor-
ical and trabecular bone. This newly derived 3D geometry appears
tself as an interesting and useful information to the dentist, addi-
ional to the information accessible from standard panoramic views
s shown in Fig. 1(a). For instance, the presented approach may
erve as decision-support tool as for instigation of more detailed,
hree-dimensional imaging measures, e.g. computed tomography.
Moreover, the 2D-to-3D extension developed herein may  be
articularly useful for deriving 3D structural mechanics models
ased on the Finite Element method (FEM). While the FEM hasaging and Graphics 45 (2015) 36–46 45
been introduced in dentomaxillofacial research for quite some time
[36–40], generation of the required 3D models standardly requires
CT data. As an alternative, so-called atlas-based models have been
developed [41]. These methods use statistical information collected
for the anatomy of interest, such as the mandible, to infer from
2D X-ray images the corresponding 3D shape. The method pro-
posed here could be employed to include additional information
regarding the segmentation of cortical and trabecular bone. Addi-
tionally, the porosity distributions gained from our method may
be fed into micromechanics-based material property identiﬁcation
[42], which has greatly improved the reliability of the aformen-
tioned Finite Element models [5]. Accordingly, retrieval of thickness
and porosity information as described in Section 2.5, for each and
every cross section throughout the organ, in combination with
the porosity-to-stiffness conversion described in [5], promises a
new route for computational mechanics technology entering the
daily practice in dentistry, delivering information on stress states
which, in turn, indicate regions of potential atrophy [43]. At a
later state of even more sophisticated mathematical modeling, such
regions may  be quantiﬁed through a combined systems biology-
micromechanics approach [44].
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Appendix A. Nomenclature
d thickness of an object scanned by X-rays
dcort thickness of purely cortical bone
dmixcort,i thickness of cortical shell i in mixed cortical/trabecular
bone, i = exterior, interior
dmix thickness of mixed cortical/trabecular bone, dmix =
dmixcort,ex + dmixtrab + dmixcort,in
dmixtrab thickness of the trabecular core in mixed corti-
cal/trabecular bone
dLM,cort average thickness across the region of purely cortical bone
in the landmark cross section
ds inﬁnitesimal length of an X-ray
dx inﬁnitesimal length along a mandible cross section
ei unit vectors of a Cartesian basis, i = x, y, z
E relative error between computed and CT data-derived
thickness fractions
fi volume fraction of constituent i
hcort height of purely cortical bone based on 3D CT data
I intensity of X-radiation
I0 initial intensity of X-radiation
lS length of cross section S within a 2D radiograph
lS,cort length of the region of purely cortical bone in cross section
S within a 2D radiograph
Nc number of constituents of a composite material
P proportionality constant
s position on an X-ray
S index denoting the studied cross section
TFcort cortical thickness fraction
TFtrab trabecular thickness fraction
x coordinate
xS,int coordinate of the interface between purely cortical andmixed cortical/trabecular bone, in cross section S
xS,wide coordinate where the trabecular widening stops, in cross
section S
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S position vector with consideration of cross section S only
2D position vector in a two-dimensional region
 coordinate
 attenuation coefﬁcient
H2O attenuation coefﬁcient of water
BM attenuation coefﬁcient of the (extravascular) bone matrix
cort averaged attenuation coefﬁcient of purely cortical bone
mix
cort,i averaged attenuation coefﬁcient of cortical shell i in
mixed cortical/trabecular bone, i = exterior, interior
mix averaged attenuation coefﬁcient of mixed corti-
cal/trabecular bone
mix
trab averaged attenuation coefﬁcient of the trabecular core in
mixed cortical/trabecular bone
i mass density of species i
∗
i
apparent mass density of species i
opt optical density
 (vascular) porosity
cort porosity of purely cortical bone
mix
cort,i porosity of cortical shell i in mixed cortical/trabecular
bone, i = exterior, interior
mix
trab porosity of the trabecular core in mixed corti-
cal/trabecular bone
max
cort maximum porosity in cortical bone
min
cort minimum porosity in cortical bone
max
trab maximum porosity in trabecular bone
min
trab minimum porosity in trabecular bone
 grey value
S grey values along cross section S
cort average grey value at a site of purely cortical bone
mix average grey value at a site of mixed cortical/trabecular
bone
LM,cort average grey value across the region of purely cortical
bone in cross section R2
 set membership
integral symbol
sum symbol
xp exponential function
og 10 logarithm to base 10
 universal quantiﬁer symbol
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